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We calculate the scattering rate of low energy neutrinos in hot and dense neutron matter en-
countered in neutrons stars and supernova in the hydrodynamic regime. We find that the Brillouin
peak, associated with the sound mode, and the Rayleigh peak, associated with the thermal dif-
fusion mode, dominate the dynamic structure factor. Although the total scattering cross section
is constrained by the compressibility sum rule, the differential cross-section calculated using the
hydrodynamic response function differs from results obtained in approximate treatments often used
in astrophysics such as random phase approximations (RPA). We identified these differences and
discuss its implications for neutrino transport in supernova.
PACS numbers: 97.60.Bw, 26.50.+x, 95.30.Cq, 26.60.c
The energy spectrum of neutrinos emitted from core collapse supernova plays a crucial role in several aspects of
supernova dynamics, neutrino oscillations, supernova nucleosynthesis, and their detectability in terrestrial neutrino
detectors. The spectrum is determined by neutrino interactions in the outer layers of the proto-neutron star (PNS)
called the neutrino-sphere. Neutron-rich matter encountered in the neutrino-sphere have densities and temperatures
in the range 1012 − 1014 g/cm3, and T = 3 − 8 MeV, respectively. Under theses conditions, the neutrino-nucleon
scattering rate is modified by strong interactions between nucleons[1, 2].
Neutrino scattering off non-relativistic nucleons in dense matter can be related to the density-density and spin-
density nucleon correlation functions of the hot and dense nuclear plasma [2]. In this study we only consider scattering
off density fluctuations as our interest is to understand specific aspects of the long-time response which we discuss in
more detail below. In this case, the differential cross section for the neutral current reaction νN → νN is given by
1
V
d2σ(E)
dcosθdE′
=
G2F cosθ
2
4pi2
c2v
[
1 + cosθ
]
E′2[1− f(E′)]S(q, q0) (1)
where S(q, q0) called the dynamic structure factor is the quantity of interest and describes the response of the strongly
interacting neutron gas. The other symbols that appear in the above equation are: GF is the Fermi constant, the
neutron weak vector charge is cv = 0.5, θ the scattering angle, E and E
′ are the initial and final neutrino energies
and f(E′) the final state neutrino blocking factor. Typically S(q, q0) within the framework of Landau’s quasi-particle
picture, and is justified when q0τ  1, where q0 is the characteristic energy transfer to the nucleonic systems
during the scattering process and τ is the lifetime of quasi-particle. The residual interactions between these quasi-
particles are included by diagrammatic re-summation techniques such as the random-phase-approximation (RPA)
which incorporate long-range correlations in the one-(quasi)particle-hole excitations [3–7].
In the opposite limit, when q0τ <∼ 1, the response is characterized by the long-time behavior of the system and
multiple collisions between nucleons become relevant. Here, it is well-known that hydrodynamics provides an accurate
description of the density-density response function [8]. Motivated by the observation that for a wide range of ambient
conditions in the neutrino-sphere region and for typical thermal neutrino energies, q0τ <∼ 1, we have calculated the
density-density response function in the hydrodynamic limit and compared our results with earlier results obtained
in the quasi-particle picture.
Using a moment expansion for solving the linearized Boltzmann equation in hydrodynamic regime [9, 10], we
have calculated the response function relevant to neutrino scattering which includes collective modes as well as the
hydrodynamic response function in hot and dense neutron matter. We find that the total scattering cross section is
well constrained by the compressibility sum rule from the underlying equation of state. Thus approximate methods
such as Random Phase Approximation (RPA) which satisfy the compressibility sum rule can be used to calculate the
total cross-section. However, we find that the differential cross-section obtained the hydrodynamic approach differs
in several respects from that obtained in RPA and may have implications for neutrino transport.
We assume that the interactions between neutrons can be approximated by an effective zero range force with a
S–wave scattering strength controlled by the dimensional parameter g. This should be a good approximation to
the low density neutron rich matter we are interested in for neutrino-sphere in PNS [11]. In our approach we fix g
by calculating the density response function in a specific approximation and then matching to the compressibility
obtained in the low density limit for a realistic equation of state. Once g is determined in this way, the collective
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2modes and dynamic response function in hydrodynamic regime can be calculated for the normal fermi gas as described
in some detail in Refs. [9, 10]. Here we simply note their main result which states that in the moment approach the
hydrodynamic equations for oscillations of density (δntot), momentum (q · v), and energy (δE) in systems under
external perturbation (Uext) can be expressed in a matrix form:
M
δntotq · v
δE
 ≡

q0
2F2
3m
0
−gq
2
2m
q0 − i2ηq
2
F2
q2
F2
−iΓκγF2
2mF0
F4
3m2
q0 + iΓκγ

δntotq · v
δE
 =
 0q2
m
Uext
0
 , (2)
where (q, q0) is four momentum transfer, m is mass of nucleon, and Fn is defined as follows,
Fn =
∫
d3p
(2pi)3
∂f0
∂0
pn, (3)
where f0 = 1/(1 + e
β(0−µ)) is Fermi-Dirac function for free fermi gas with β the inverse temperature, µ the chemical
potential, and 0 the energy of free nucleon. In Ref. [12] the shear viscosity η and thermal conductivity κ has been
calculated by solving the Boltzmann equation for neutrons. Although we will use their results we briefly mention as
an aside that a simple estimate can be made using kinetic theory these can be written as
η =
1
3
np¯λ, κ =
1
3
CV p¯λ/m, (4)
where n is number density, p¯ is average momentum, CV is specific heat λ ≈ 1/nnσn where nn is the neutron density
and σn is the neutron-neutron scattering cross-section including Pauli blocking. We have found that this simple
estimate agrees fairly well (within a factor of 2) with the results from Ref. [12]. We also note that the transport
coefficients don’t influence the matching between the static structure factor and compressibility from equation of
state, since in the long wavelength limit (q → 0) the transport coefficients drop out. However, as we discuss later
they determine the width of the collective modes and the shape of the response functions.
Solving the matrix equation (2) for δntot, one can obtain
δntot(q, q0) = − 2F2
3m2
q2
q0 + iΓκγ
detM
Uext(q, q0) (5)
where
γ ≡ F0(F4 − gF
2
2 )
F 22 (1− gF0)
, and Γκ ≡ − 2κTm
2q2F 22 (1− gF0)
(F4 − gF 22 )(F4F0 − F 22 )
. (6)
Since δntot(q, q0) = χ(q, q0)Uext(q, q0) the density response function χ(q, q0) can be read off easily from equation 5
and the dynamic structure factor is obtained via fluctuation -dissipation theorem,
S(q, q0) = − 1
npi
1
1− e−βq0 Imχ(q, q0). (7)
If the second-order terms in the transport coefficients κ and η are small in the hydrodynamic regime, the determinant
of the matrix M can be reduced to detM = (q20 − Ω2)(q0 + iΓκ) + 2iΓq20 , where
Ω ≡
√
F4 − gF 22
3F2
q
m
≡ cq, and Γ = −ηq
2
F2
− κTq
2m2
(F4 − gF 22 )
. (8)
The poles of the determinant gives the eigenmodes of the hydrodynamic modes (to first order in κ and η): q0 = ±Ω−iΓ
and q0 = −iΓκ [9]. c in Eq. (8) is the sound velocity. Γ and Γκ are damping rates of sound mode and Rayleigh diffusion
mode, respectively.
Based on above approximations, one can explicitly derive the resultant density response function and the absorptive
susceptibility, imaginary part of density response function, follows
Imχ(q, q0) =
2F2
3m2c2
[
q0(γ − 1)Γκ
q20 + Γ
2
κ
+
2q0ΓΩ
2
(q20 − Ω2)2 + (2q0Γ)2
−q0Γκ(γ − 1)(q
2
0 − Ω2)
(q20 − Ω2)2 + (2q0Γ)2
]
, (9)
3where Ω  Γκ, and also Ω  Γ were used. The absorptive susceptibility Imχ(q, q0) has two peaks: the Rayleigh
diffusion peak at q0 = 0 and the Brillouin peak at q0 = Ω.
The static structure function
S(q) =
∫ ∞
−∞
S(q, q0)dq0 (10)
is related to the compressibility of matter (∂P/∂n)T in the long wavelength limit through the compressibility sum-rule
S(q → 0) = − 2TF2
3nm2c2
γ ≡ T
(∂P/∂n)T
, (11)
We use this relation to determine the parameter g from the compressibility of underlying equation of state, and for
the results we present in this study we use the NL3 nuclear equation of state [13]. We note that the hydrodynamic
responses below are obtained from Eqs. (5, 7) numerically, not from approximate Eq. (9).
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FIG. 1: (Color online) Differential cross section versus final lepton energy (left Panel) for various scattering angle, cosθ = 0.9,
0.6, and –0.9, and differential cross-section versus cos θ (right panel) obtained in RPA, hydrodynamic response, and free fermi
gas. Neutron density n= 10−2 fm−3, temperature T = 5 MeV and incident neutrino energy is Eν = 3T .
Fig. 1 (left panel) shows the differential cross section versus final neutrino energy for various scattering angle, cosθ =
0.9, 0.6, and –0.9, obtained in RPA, hydrodynamic response, and free fermi gas. Neutron matter is at n= 10−2 fm−3
and T = 5 MeV. The incident neutrino energy is 3T . In RPA, the residual quasi-particle-hole interaction is derived
from derivative of potential energy, which satisfies static sum rules similar to hydrodynamic response. The force is
attractive at this density and enhances response of nucleon gas compared to free fermi gas in each angle. In this
calculation we used NL3 nuclear effective interaction to calculate RPA response (as well as mean field response) for
consistency. At forward angle (where momentum transfer is small), the differential cross section from hydrodynamic
response clearly exhibits the features of collective modes - the central peak is due to Rayleigh mode and the two
side peaks are due to Brillouin mode. At backward angle, the damping to the collective modes becomes so large
that the latter differential cross section becomes similar to the one from RPA. The dependences of response function
on the scattering angle may influence the neutrino transport in the low density region, particularly for low energy,
forward-scattering neutrinos. It would be interesting to study its effect on the spectra of supernova neutrinos in a more
detailed simulation. In the right panel of Fig. 1 we show the differential cross section versus scattering angle, cosθ
(after integrating over final lepton energy), obtained in RPA, hydrodynamic response, and free fermi gas. Neutron
matter is at n= 10−2 fm−3 and T = 5 MeV. The incident neutrino energy is 3T . The angular distribution of the
RPA and the hydrodynamic responses are very close to each other and the integration over the final neutrino energies
washes out the larger differences seen in the double differential cross-section in the left panel.
Table. I shows the total cross section, obtained in mean field (Hartree) approximation, RPA response, hydrodynamic
response, and free fermi gas. Neutron matter is at n= 10−2 fm−3 and T = 5 MeV. The NL3 EOS is used to obtain the
compressibility. The incident neutrino energy is 3T . The neutrino scattering cross section is proportional to S(q = 0).
The ratio of hydrodynamic response/free fermi gas response is equal to that of quasi-particle RPA/quasi-particle
mean field (Hartree). This clearly demonstrates that the compressibility from underlying equation of state strongly
constrains the response of medium, whether in the hydrodynamic picture or quasi-particle picture.
4TABLE I: Total cross section per volume σ/V in unit of 10−4 m−1, obtained using the Fermi gas (FG), Hartree, RPA, and
hydrodynamic response functions. Ambient conditions: n= 10−2 fm−3, T = 5 MeV and Eν = 3T . The NL3 EOS is used to
obtain the compressibility.
FG Hartree RPA Hydro RPA/Hartree Hydro/FG
2.97 2.75 8.20 8.82 2.98 2.97
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FIG. 2: (Color online) Transport cross section versus incident neutrino energy, obtained in RPA, hydrodynamic response, and
free fermi gas. Neutron matter is at n= 10−2 fm−3 and T = 5 MeV.
Figure 2 shows the total transport cross section versus incident neutrino energy, obtained in RPA, hydrodynamic
response, and free fermi gas, as the same conditions in earlier figures. The transport cross section which enters the
diffusion equation is weighted by the scattering angle and is defined as
σtr =
∫
dσ
dcosθ
(1− cosθ)dθ. (12)
in the elastic limit. The ratio of hydro./free fermi gas transport cross section is about 3 for almost all incident energy
(except when Eν ≤ 1 MeV), and is close to that of quasi-particle RPA/free Fermi gas as discussed in Table I.
In this work we obtained the collective modes and hydrodynamic response of hot and dense neutron matter in the
hydrodynamic regime. We found the Brillouin peak in the dynamic structure factor, which is associated with the
sound mode, and the Rayleigh peak, which is associated with the thermal diffusion mode. We also compared the
collisional hydrodynamic response to the collision-less response function based on random-phase-approximation. We
find that both yield a very similar result for the total neutrino transport cross section and that its tightly constrained
by the compressibility sum rule. At the relatively low densities encountered in the neutrino-sphere attractive nuclear
interactions dominate and the iso-thermal compressibility (∂P/∂n)T is reduced, and this in turn enhances the density
response increasing the cross-sections by about a factor of 3 for thermal neutrinos. This will clearly have an impact
on the neutrino decoupling temperature and the neutrino spectrum and should be incorporated into supernova sim-
ulations. Although the total cross sections are similar, there are differences in the strength distribution between the
hydrodynamic and the RPA response. At forward angles, corresponding to modest values of q, the sound mode is
not strongly damped and appears as bump in the differential cross-section. It would be interesting to explore if this
5feature, which enhances energy exchange, can affect the neutrino spectrum formation.
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